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We investigate the 3D stationary flow of a weakly conducting fluid in a cubic cavity, driven by
the Lorentz force created by two permanent magnets and a weak constant current. Qur goal is to
determine the conditions leading to efficient mixing within the cavity. The flow is composed of a
large recirculation cell created by one side magnet, superposed to two recirculation cells created by
a central magnet perpendicular to the first one. The overall structure of this flow, obtained here by
solving the Stokes equations with Lorentz forcing, is similar to the tri-cellular model flow studied
by Toussaint et. al. (Phys. Fluids. 7, 1995). Chaotic advection in this flow is analyzed by means
of Poincaré sections, Lyapunov exponents and expansion entropies. In addition, we quantify the
quality of mixing by computing contamination rates, homogeneity, as well as mixing times. Though
individual vortices have poor mixing properties, the superposition of both flows creates chaotic
streamlines and efficient mixing.

I. INTRODUCTION AND MOTIVATION
A. General considerations

Mixing devices at small Reynolds number have been studied during the past fifty years. These are challenging
situations where turbulence cannot be used to produce random motion [Il 2]. The low Reynolds number condition
is generally met when viscosity is large, or dimensions are small (e.g. microfluidic devices), or when fluids are fragile
and require moderate stirring. Nevertheless, high quality mixing can be achieved even for such fluids, provided the
flow exhibits chaotic trajectories corresponding to efficient stretching and folding mechanisms [I1 [3, [4].

Chaotic advection has been studied and exploited in two-dimensional time-dependent flows, such as flows between
eccentric cylinders [I1, [5], flows induced by moving walls in a cavity [6], or electromagnetically driven flows [7]. In three
dimensions, the pioneering works of Dombre et al. [8] have shown that the flow does not need to be time-dependent
to produce chaotic advection. Indeed, streamlines in steady 3D flows can be chaotic, so that fluid points trajectories,
which are identical to streamlines in steady flows, are extremely sensitive to initial positions. This property was
exploited in a steady open pipe flow with electrically conducting fluids driven from outside by high frequency helical
inductors [9, [10], as well as in steady flows in a cubic periodic box [I1, [12]. The authors of the latter reference
considered a simple arbitrary analytic flow composed of a steady vortex superposed to a vortex pair perpendicular to
the first one. In the present paper, a flow with a similar tri-cellular structure is considered. However, instead of using
a simple analytical model, our flow is obtained by means of magnetohydrodynamic (MHD) forcing, involving two
magnets to create the system of vortices, and will be calculated by solving the Stokes equation with Lorentz forcing.
This is a first step towards an experimental facility.

B. Qualitative description of the flow: side magnet and central magnet

To create such a tri-cellular flow in a realistic way, we consider a viscous fluid with low electric conductivity (e.g.
salted water), confined within a cubic cavity. It is submitted to a magnetic field induced by two magnets located
outside the box, and to a uniform horizontal current with density jo passing through the cavity (FIG.(C)). The axis
z will be denoted as ”vertical” in the following.

In the case where a uniform vertical magnetic field h; is applied over the right-hand-side of the cavity, and set to
zero in the other half (FIG.[I](a)), one can check that the liquid cannot remain at rest, and that a flow will appear
[9). Indeed, if the fluid is at rest, the force balance imposes f = grad p everywhere, where f is the Lorentz force and
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p is the pressure, so that the curl of the Lorentz force must be zero everywhere. This condition cannot be fulfilled
when the magnetic field is present only over a portion of the volume of the cavity: here the curl of the Lorentz force is
non-zero along the surface of discontinuity of the magnetic field, the hydrostatic condition is not fulfilled, and motion
will appear. Under the combined effect of the Lorentz force and of the walls, a large recirculation cell as the one
sketched in FIG.[I](a) will appear. This situation corresponds to the case where a side magnet like the blue one of
FIG.(C) is placed near the box. The corresponding Lorentz force will be denoted f; in the following. Similarly, a
vertical force f3 can be created near the mid-plane of the cubic box by means of a magnetic field hy centered around
this mid plane. It will create a double recirculation cell, as sketched in FIG.(b). This can be achieved by placing a
centered magnet like the red one of FIG.[|(c).

The two forces f; and f5 can be superimposed to generate a complex flow, in view of creating a simple MHD mixing
device involving static sources only. As discussed above, the structure of this flow is very close to one investigated in
Refs. [11] and [12], which involved a simple analytic velocity field. Note however that our flow has no-slip boundary
conditions at the walls of the cubic box, as expected for viscous flows, in contrast with Refs. [I1] and [I2] where fluid
is allowed to slip along the faces of the cubic box.

In this article, we will make use of the two configurations described above, except that the magnetic fields will not
be taken piecewise constant, but will be issued from a real physical device and computed from Maxwell’s equations.
Such a device, based solely on the use of two pairs of permanent magnets, is illustrated in FIG.(C), and described
in the next section. The velocity field in the fluid will then be computed numerically with these magnetic forces by
means of a vorticity — streamfunction formulation of the Stokes equations.

The equations of the coupled system under study for the magnetic and velocity fields are presented in the next
chapter. Then, numerical simulations will be performed for various parameters of interest. The magnetic force that
will be imposed to the fluid is a weighted average of the two forces f; (the Lorentz force due to the side magnet) and
fa (due to the central magnet), and the ratio of the two will be the control parameter of the device. It will be shown
that chaotic advection is obtained for specific choices of this ratio. The computation of Poincaré sections, Lyapunov
exponents and expansion entropies will provide qualitative and quantitative information about the chaotic streamlines
we obtain. A brief study of mixing efficiency is presented in section [[V.C|

II. MOTION EQUATIONS AND CALCULATION OF THE FLOW
A. General considerations

A cubic tank of side length a containing an incompressible Newtonian fluid with kinematic viscosity v is considered.
A uniform current density jo (directed along the unit vector ey) is imposed inside the tank by means of a constant
voltage drop. As described in the previous section, the two vortex configurations are obtained by means of two pairs
of magnets placed in two orthogonal directions (FIG.(C)). The side magnet (magnet #1, in red) is magnetized along
e, and is used to create the force fi. The central magnet (magnet #2, in blue) is magnetised along ey and produces
the force fa. The length and the depth of the magnets are equal to a whereas their width is equal to a/2. As explained
in the introduction, the force f; alone would produce a single recirculation occupying the whole domain, and the force
fa alone would produce a double-cell. It is the combination of both forces that will produce a complex flow.

Throughout the paper, the Reynolds number based on the size of the box and on the typical fluid velocity is
assumed to be small. The value of the current density is chosen to be sufficiently low compared to the magnetization
of the permanent magnets, so that its impact on the total magnetic field, and therefore on the total corresponding
force, can be neglected. This assumption was verified by a posteriori simulations with and without current density
contribution. The Ls norm of the relative difference was less than 0.1% for the typical values of the source terms that
were considered.

B. Governing equations

Following to the previous assumptions, the flow corresponds to a Stokes flow, governed by

5 in Qf (1)

vAv—gradp+f 0
divv = 0

where v is the velocity field, p is the pressure field (including gravity effects if any), f is the Lorentz force density,
and €y denotes the fluid domain. The fluid being viscous, no-slip conditions are imposed on the tank boundary I'y
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FIG. 1. Upper graphs: sketches of the flows when a single magnet is present. (a): single-cell in the (z,y) plane induced by a
side magnet. (b): double-cell in the (x, z) plane created by a central magnet. Current density is shown in black, force fields are
shown in gray. The corresponding magnetic fields hy (configuration (a)) and hz (configuration (b)) are shown respectively in
red and blue. Velocities vi and vz are in dark red and dark blue. Lower graph (c): Setup of the mixing MHD device creating
these configurations.



for the velocity field:
v=0onTIy. (2)
The contribution of each pair of magnets can be treated separately according to the superposition principle:

f = pojoxh=pojoxhi+pojoxhs (3)
fi fo

where h;, ¢ = {1,2} is the field produced by magnet #i. In this way, due to the linearity of the Stokes equations, the
velocity field v in (1) can be decomposed into

V =V1+Vy (4)
where each part v; and vg satisfies:

vAv;—gradp; + pojo x hij =0 in Qyf
divv; =0 in Qp , fori={1,2} (5)
vi=0 on I'y

The magnetic field h; and flux density b; in the overall domain Q (= R3) are governed by the Maxwell-Ampere and
Maxwell-Thomson equations:

curlh; =0, divb; =0, (6)

and both fields vanish far from the magnets (||x|| — 00). The overall domain 2 corresponds to the air containing the
fluid domain (the tank) and the pairs of magnets (see and FIG[2 for the precise overall domain used for
computations).

The source term at the origin of the magnetic flux density is due to the magnetization of the magnets, m; = mge,
for magnet #1 and mg = mgex for magnet #2 (see FIG.C)). Then, magnetization vectors have the same norm,
mp. The magnetic behaviour law linking the flux densities and the magnetic fields is then

bi:,u,o h; + m;) in Q,,; .
{ b; = o gli ) elsewhere ’ for ¢ = {1,2} (7)

Extending magnet magnetizations as piecewise functions on the whole domain:

m; in Q,,;
mi:{ 0 in Q\Qyy; ®)

the magnetic fields h; and hg are finally governed by

curlh; =0 in

div(h; + m;) =0 in Q , for i ={1,2} ©)
lim h;=0

lIx[|—o0

These equations will be set non-dimensional as follows. The side length of the cubic tank a is chosen as the charac-
teristic length of the problem, so that the non-dimensional position vector is defined as: X = x/a. The norm jg of the
current density can be expressed from the total current Iy flowing through the system so that the non-dimensional
current density can be defined by

o) = 10 _ 5,

Jo Iy (10)

In the same way, a non-dimensional magnetization vector mj, and the corresponding h; field are introduced as follows:

() = o) . B®) = Sohix) fori = {1.2) (11)



where (3 is an arbitrary scaling factor designed to avoid too low values of magnetic fields (and therefore forces and
velocities) when solving the problem. In terms of these non-dimensional quantities, Eq. @ now reads

curlﬁ-:O in(AZ (Q:aﬁ)

div (B +m,) , fori={1,2) (12)
lim hi
(1%l =00
Velocity and pressure are set non-dimensional as:
@) = B0 e = PO - 1,9 (13)
Vo Po

where vy and pg are characteristic velocity and pressure that will be defined below. The fluid equations becomes

1, ~ o~
Avl_ig adp; + 2000 50 by =0, fori={1,2}. (14)
v B
By choosing
M()Iomo /JOIOmO
_ ro-07%0 d S e ) 15
w= B0 and gy = LT (15)

the motion equation finally reads:

AV —gradp; +joxh; =0 inﬁf (Qf:aﬁf
divv; =0 in Q; , for i ={1,2}. (16)
\/1\120 on /ff

Finally, by sequentially solving Eqs. and , for i=1,2, we obtain the two velocity fields vy and V3.
In the remainder of this article, we will be concerned only with non-dimensional quantities, and for convenience the
hat symbols () will be omitted.

III. NUMERICAL COMPUTATIONS OF FIELDS

To avoid projection or interpolation errors due to the use of different meshes or function spaces, we have chosen to
solve the governing equations by means of the same computational tool. Mixed finite elements methods, based on both
nodal and edge basis functions, provide an efficient and convenient framework for solving problems of low-frequency
computational electromagnetism [I3HI5]. However, they can also be used to correctly approximate the Stokes system
[13] [16] as described in section[[II B}

A. DMagnetic fields: scalar magnetic potential formulation

First of all, we should point out that the magnetic fields produced by the magnets (and only these fields) can be
calculated purely analytically in our particular case. Indeed, analytical formulas exist for rectangular magnets in air,
see [I7] or more recently [I§]. However, the authors preferred to use a numerical model, as this will be necessary
in our future work in order to design an experimental test bench. To reduce the total volume of magnets required,
ferromagnetic yokes will be added to each pair of magnets to loop their magnetic flux and reinforce the field inside the
tank. In this case, an analytical model is no longer possible. However, we compared both approaches on our study
case, and the results from the analytical and numerical models were perfectly consistent. No significant difference were
observed on the final velocities. This allows us to validate the numerical calculation of the magnetic fields detailed
below.

The overall domain of computation 2 can be reduced to = Q¢ U Q1 U Qo U Q, U Qo which is represented in
FIG.Q Qy corresponds to the tank, Q,,; and €,,2 to the pairs of magnets, and 2, to the air region around them.
Their union forms the domain of interest ; = Q¢ U 2,1 U Q2 U €, in which the magnetic fields are wanted. The
external boundary of €; is that of a sphere of radius R;. This region is surrounded by a spherical finite shell Q, with
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FIG. 2. Representation of the total computational domain, and the corresponding mesh used for the numerical computations
(control parameter ne = 15).

inner and outer radii respectively R; and R,. This will be useful to deal with the open boundary condition on fields
as explained below.
The spaces L?*(Q) and L*(Q2) can be defined by:

L2Q) = {u: Q — R |/u(x)2dx < oo}, and L*(Q) = {u : Q@ — R? |/ Ju(x)|’dx < oo} (17)
Q Q

They permit to define the Sobolev space H(grad, 2), more commonly known as H! (Q):

H(grad, Q) = {u € L*(Q) | grad u € L*(Q)}

2 2 1 (18)

= {u e L*(Q) | Opu, dyu,0,u € L*(Q)} = H (Q)
The Maxwell-Ampeére equation curl h; = 0 implies that there exists a magnetic scalar potential ¢; € H(grad, ) such
that:

h; = —grad ¢; (19)

To deal with the h; T 0 condition, a bijective transformation that maps all the region R3\§2; onto Q. is
X|[—0o0

constructed thanks to the relation:

R, —R;
=R,
Il = i

L TXI (20)



where X is the position vector in the shell Q. [19]. The considered transformation F : R3\Q; — Q. is therefore
defined by:

X:.’F(x)—m){:

Y

Ro Ri(Ro - Rz)

R @)

The open-boundary conditions on h; and hy can be replaced by imposing homogeneous Dirichlet conditions on ¢,
and ¢2 on ', = 0N (the sphere of radius R,). We will also use the transformation F and its jacobian matrix J£ to
bring back all integrals posed on R?\ €; to Q.

The second equation of (S,, ;) becomes:

div(grad ¢; — m;) =0 in Q (22)

Multiplying by a test function §; € Ho(grad,2) = {u € H(grad,2) : u[, = 0}, then using the transformation
F to write down the integrals terms over R3 \ €; to ., and finally integrating by parts, we obtain the weak form
(3m,i) of the system (Sy,,;) given by :

Find ¢; € Ho(grad, 2) such that: V¢; € Hyp(grad, Q?),
(Zpmi) / grad ¢; - grad §; dx — / m; - grad §; dx (23)
e g Qi

Ql

+/ J'grad ¢, - J ' grad§; |det x| dX =0

[S)

Once ¢; is computed from , the force density involved in the non-dimensional Stokes flow system in Qf will be:
fi = —jo x grad ¢; (24)

B. Flows velocities: vorticity — streamfunction formulation

Let us begin by defining the spaces:
H(curl, Q) = {u € L*(y) | curlu € L*(Qy)} (25)
Hy(curl,Qf) = {u € H(curl,Qy) | u x n|rf =0} (26)

where I'y is the boundary of Qy (I'y = 9€). It is possible to rewrite the Stokes system in terms of the vorticity
fields w; € H(curl, Q¢) defined by w; = curl v;:

curlw; + gradp;, — f; =0 (27)
And the fact that vi = 0 on I'f directly implies:
O=curlvi n=w;-n only (28)
Since v;j is divergence free, there exists a vector potential ; € Hy(curl, Q) such that [20]:
vi =curly; , and divey; =0 (29)
By using this potential and applying the curl operator to the first equation of the system (Sy,), we obtain:

curl curlw; = curlf; , divw; =0 in Qf
w; = curlcurlvy; | divp; =0 in Qf (30)
w; n=0, YP;xn=0, curlyp; xn=0 onlYy

The vorticity w; can be decomposed as w; = w +w; where w? € Hy(curl, Q) is a regular part and w} € H(curl, Q)
is the harmonic contribution [2T], 22]. We rewrite the global system in two weakly coupled subsystems as follows:

—Ap; = curlcurl ¢p; = w9 + w?

—Aw? = curlcurl w? = curlf; —Aw} = curlcurlw} =0
divw? =0 , divw; =0, divep; =0 (31)
wi xmnl, =0 (9 +wf) n[, =0

P, X n|Ff =0, curly; x n|Ff =0



For each subsystem, a mixed formulation can be deduced by introducing the scalar fields A?, A\f and 7; which permit
respectively to weakly impose the divergence free properties of w?, w} and 1;, by acting as Lagrange multipliers.
The systems (Sy,;) are then equivalent to the following weak form (3 ;), given by (see [21]).

Find (w{,\}) € Ho(curl, Q) x H(grad, 2f) such that:

/ curl w? -curly; dx + / grad /\? s dx =
(se) 7 &

fr fi - curlp; dx , Ve; € Ho(curl, Q)
Qp

/ w? -gradp; dx =0, Vu; € Ho(grad, Qy)
Qf

Find (wj,A]) € H(curl,Qy) x H(grad, Q) and

(Br,i) (¥i,m:) € Ho(curl, Q) x H(grad, Q) such that: (32)
/ w; - dx — / curly; - curl ¢; dx+/ gradmn; - p; dx =
Qp Qf Qf
@ —/ wy i dx , Ve, € H(curl, Q)
(Zf,i) @

/ curlw] - curlg; dx +/ grad )] - ¢&; dx =0 ,V¢; € Ho(curl, Q)
Sy Qy

;- grad x; dx =0, Vyx; € Ho(grad, Q)
Sy

/ (W +w))-gradpu; dx =0, Yy, € H(grad, Q)
Q2

It is important to mention that the condition (w + w})-n =0 on Iy is implicitely imposed by choosing the test
functions p; in H(grad, Q;); and for the boundary condition curle; x n =0 on I'y, by choosing in (2;23) the test
functions ¢; in H(curl, ) and not in Hy(curl, Q).

By sequently solving (¥, ), then (2;1?), and lastly (Eg?l)) for i = {1, 2}, the desired velocities are finally obtained

K
by vy = curlt; and vo = curley. The practical implementation with high order basis functions and discrete form
of the full system solved are detailed in The plots of the calculated magnetic fields, the corresponding
forces and the resulting velocities (when a single magnet is present) are provided by FIG.

As expected, the magnetic fields created by the magnets remain concentrated in the area between each of them,
and so does the electromagnetic forces. The structure of these velocity fields corresponds to the sketches of FIG.[I}
with one recirculation cell created by the side magnet #1 and two cells created by the central magnet #2. To make
this clearer, a few streamlines of v1 and va are also displayed in FIG.[d The motion of tracers in the steady flow
obtained by involving the two magnets, i.e. by superposing v1 and va, is studied in the next section.

Once the computation is complete, the two velocity fields are exported on a regular grid composed of 100 x 100 x 100
points covering the whole tank domain ;. Values are computed thanks to our high order basis functions in order to
keep the best possible accuracy. These export files constitute the final results of the numerical procedure described
in this section, and are the starting point of the study of the chaotic behaviour detailed in the following.

IV. LAGRANGIAN CHAOS AND MIXING ANALYSIS
A. Highlighting and quantifying chaos
1. Trajectories and sensitivity to initial conditions

In the following, we will assume that it will always be possible to modulate the velocity fields v; and va (e.g. by
adjusting the magnet length), so that the total velocity v may be written as :

v=avi+(1—-—a)vy, foraecl0,]] (33)
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FIG. 3. Plots of calculated non-dimensional fields, when a single magnet is present: h; and hg are the magnetic fields, f; and
f2 are the corresponding Lorentz forces, vi and vz are the resulting velocities (see [Appendix| for details).
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FIG. 4. Examples of velocity streamlines when a single magnet is present. Left: vi (side magnet). Right: v (central magnet).

where « is the convex combination coefficient of the two velocity fields. To find out the value of this velocity field at
any point x = (x,y, z) within the tank domain [—0.5,0.5] 3, we simply interpolate the values calculated in the previous
section by means of cubic splines. In the following, these interpolated functions will be still denoted v; and va.

The key point of this part is to find out the parameter a leading to the best possible mixing. To do this, we will
study the nonlinear dynamical system corresponding to the trajectory of a tracer particle with position x(t), initially
released at xg. In our case, this reads as:

dx
’r =x(t)=avi(x@t)+(1—-—a)va(x(t),t>0 (34)

x(0) = xo = (%0, Y0, 20)-

Here also, velocities, lengths and times have been set non-dimensional by means of vy, a and a/vg respectively.

The ordinary differential system has been implemented with the Julia programming language using the
DynamicalSystemsBase. j1 package (and its subset ChaosTool.jl) [23]. We choose a solver based on an Adams-
Bashforth explicit method: a fixed time step fifth-order Adams-Bashforth-Moulton method, where a 5th order Adams-
Bashforth method is used as predictor and an Adams-Moulton 4-steps method is used for the corrector. To calculate
starting values, we make use of a Runge-Kutta method of order 4. Throughout the rest of the paper, the non-
dimensional time step is fixed to 5- 1074,

To get started, some trajectories are mapped out in order to study the sensitivity to initial conditions. Three very
close starting points are chosen: x¢ = (0.15,0.15,0.15), Xo1 = Xo + € and Xg2 = Xo — €, with € = (1,1,1) - 1073. The
early times of the three corresponding trajectories, for six values of o arbitrarily chosen between 0 and 1, are plotted
in FIG.[A

As expected, trajectories correspond to the streamlines of the single-magnet flows (FIG. when o = 0 (v = va)
and a =1 (v = vq). No sensitivity to initial conditions is observed there.

In contrast, other values of « between these two extremes lead to much less regular trajectories (see FIG.[5)) and
to sensitivity to initial conditions. This property, which characterizes chaos, is particularly pronounced for o >~ 0.25,
but is always present for other values of a (except, of course, for « = 0 and 1).

It is therefore necessary to study deeper the impact of the coefficient «, using other tools such as Poincaré sections
and Lyapunov exponents.

2.  Poincaré sections

For the single starting point xo = (0.15,0.15,0.15) we draw the corresponding Poincaré sections in the plane z = 0.
They are shown in FIG.[6] for eight values of a equally distributed between 0.2 and 0.6. It is important to point out
that these plots have been obtained for a unique starting point, and not for a set of several points tightened around
the initial condition. In the three cases o = 0.3, 0.4 and 0.55, just a second starting point very close to x¢ has been
added to obtain a similar number of impact points for all sections. The high densities of the plots show that the
problem is solved with a very good accuracy.
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FIG. 5. Short-term trajectories for various values of o and for 3 starting points very close to xo = (0.15,0.15,0.15). For a # 0
and 1, trajectories are irregular and sensitive to initial conditions.
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FIG. 6. Influence of the coefficient « on the size and location of tori of periodic trajectories: dead zones represented by a hole

in the Poincaré sections (z = 0, xo = (0.15,0.15,0.15)), the darkest color corresponds to outgoing points and the lightest color
to incoming points.
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FIG. 7. Trajectories and corresponding z = 0 Poincaré sections with highlight of one torus or two tori of periodic trajectories.

First, we observe in FIG.[g] that most of the Poincaré sections are covered, which means that the entire tank is
explored by each trajectory. This is reassuring in terms of mixing efficiency. Nonetheless, we note the presence of
holes in each case. This seems to indicate the presence of regions of regular trajectories which must take the form of
torii of periodic trajectories. Depending on the values of the coefficient «, the position of these holes varies, with a
+-shaped placement for low values of o and a shift towards an x-shape for higher values. The changeover seems to
take place around o = 0.45.

To better visualize these torii of periodic trajectories, a 3D plot is shown in FIG.E For two values of « (0.25 and
0.5), the beginning of trajectories is plotted for the previous starting point (xo = (0.15,0.15,0.15)) and for points
taken in one or two holes. The corresponding Poincaré sections z = 0 have been added alongside. The plots clearly
show the periodic trajectories inside the orange chaotic trajectory. We can see one torus for the case a = 0.25,
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FIG. 8. Poincaré sections for one single starting point (0.15,0.15,0.15) in the case a = 0.45. The darkest color corresponds
to outgoing points and the lightest color to incoming points.

corresponding to the +-shaped holes. For the case @ = 0.5, where the holes follow an x-shape, two tori are present.
However, even in the presence of these regular trajectories, the flow may be chaotic from a global point of view. To
characterize this, we will calculate some Lyapunov exponents in the next section.

Before that, and to conclude this paragraph, we plot in FIG. a set of Poincaré sections (in three planes in each
direction of space), still for the same starting point and in the case o = 0.45, which seems to be the one where periodic
trajectories are less prominent. Indeed, the plots clearly show that the entire space is almost visited by the particle,
suggesting that mixing is efficient.
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3. Lyapunov exponents

Lyapunov exponents are often used to quantify deterministic chaos. For a given trajectory x(t) of a chaotic
dynamical system, we perturb the initial position x(0) = x¢ at time ¢ = 0. The perturbed trajectory, denoted y(t)
in the following, originates at y(0) = yo. As time ¢ goes on, y(¢) moves further away from x(¢) with a distance
3(t) = ||x — y|| = dp exp(At), where dy = ||xo — yo|| and the real number A, called Lyapunov exponent, is positive in
the case of a chaotic system. Looking for perturbations along the three axes of the frame (O, x,y, 2), leads to three
Lyapunov exponents A1, A2 and A3. For the dynamical system , we consider a perturbation matrix Y according to
the three cardinal axes, which satisfies the linearized dynamical system Y (t) = Vv(x(t)) Y (t) where v is given by 33).
The Lyapunov exponents can be computed from a @QR-decomposition of the perturbation matrix Y (¢t) = Q(¢)R(¢)
with @ being an orthogonal matrix and R an upper triangular matrix with positive diagonal coefficients R;; > 0 (see
[24, Appendix A] and [25]):

. 1 .
Ai = tilgloo : In R;;(t), fori=1,2,3. (35)
For practical numerical computations of the Lyapunov exponents, we perform an iterated QQR-decomposition of Y at
discrete times ¢ with a time step At. We have Y (tx) = Qr Ry with Y satisfying

Y((t) = Vv(x(t) Y (t), t€ [tp_1,ts] (36)
Y(tp—1) = Qr-1.

For a final time T' = N At, we obtain the iterated QR-decomposition with Y(T') = QnRnyRn—1 ... R1 and we compute
the Lyapunov exponents according to

N
1

The dynamical system will present a chaotic behavior if at least one Lyapunov exponent is positive. Since the
velocity v in is divergence-free, the folllowing property holds:

A1+ A2+ A3 =0. (38)

We emphasize that the values of the Lyapunov exponents depend on the initial position x(0) = x¢ of the trajectory. It
is known that autonomous dynamical systems always possess a zero Lyapunov exponent provided that the trajectory
of the flow does not converge to a steady state. We refer to [12] and [26] §2.5.6 where a sketch of a simple proof is
given. In a chaotic region (where the initial position x¢ has been chosen), we then necessarily get from

A1 >0, Ao = 0, A3 ==\ < 0, (39)
while in a smooth or regular region, we expect to have
A=A = A3 =0. (40)

This method can easily be called up using the Julia package mentioned previously [23]. We have modified the
default implementation to preserve the history of terms calculated during the process. For our starting point xo =
(0.15,0.15,0.15), and for the two values of « considered in FIG. we plot the Lyapunov exponents \; versus the
number of evolution steps N in FIG.[9]

The long-term shape of these curves agrees with Eq. 7 and the calculation converges fairly quickly, with a final
value reached after nearly 7,000 steps. This confirms our choice of the ODE solver and associated time step. In both
cases, we find a chaotic behavior with A; > 0, but it is much more pronounced for a = 0.25.

The maximal Lyapunov exponent A; also brings valuable information for starting points associated with the regular
points observed in section[[VA?2] It is shown in FIG.[10]as a function of e, for the points o = (0.35,0,0) (blue dashed
line) and xg = (—0.25,0.3,0) (green dotted line), corresponding respectively to the cases of one torus and two tori in
FIG.@ In addition, the maximal Lyapunov exponent of point z¢y = (0.15,0.15,0.15) has been plotted for comparison
in FIG. (orange solid line). These three curves confirm the qualitative observations of FIG.E Indeed, the blue
dashed curve clearly shows a regular periodic trajectory for low values of a, becoming chaotic as « increases. The
green dotted curve follows the opposite evolution, and the switch between the two behaviors occurs around a = 0.45.

To find a more global criterion that reflects the chaotic behavior of the entire flow, we have computed expansion
entropies. These are shown in the next section.
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B. Expansion entropy

Lyapunov exponents versus «, for the trajectories shown in FIG.m

The behavior of Lyapunov exponents is directly linked to the choice of the initial position of the trajectory. A
more satisfactory and comprehensive way to characterize chaos without being too dependent on initial conditions is
to consider numerical quantities such as topological entropy or expansion entropy. The topological entropy, with its
standard definitions [27], is however quite difficult to compute numerically. This is the reason why we prefer to deal
with the expansion entropy whose definition is better suited to numerical evaluation. In particular, expansion entropy
does not require to identify a compact invariant set, in contrast with topological entropy. We refer to [28] for a review
and a discussion on various chaos indicators and also for the definition and properties of the expansion entropy. An
important result states that for autonomous systems on a compact manifold, the topological entropy coincides with
the expansion entropy for a regular flow [29].

The expansion entropy is defined as

Hy(S)

lim
T—+o0

1
? ln ET(QOT, S)
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with

Er(pr, S) = v011< 5 /S G(Ver(x)) dx (42)

where ; is the flow associated with dynamical system ie. x(t) = pi(x0), S is a subset of the fluid tank Q; and
St is the set of x such that ¢ (x) € S for all ¢ € [0,7T] (the trajectories that remain in S up to time T'). Finally, G(A)
denotes the product of the singular values of a matrix A that are greater than 1 (if none of the singular values are
> 1 then we set G(A) = 1). We consider that chaos occurs in S if Hy(S) > 0. The computations of the expansion
entropy are performed in the whole fluid domain, that is with S = St = Q.

There is also a link between the Lyapunov exponents and G(Vr). Indeed, due to the Oseledec’s multiplicative
ergodic theorem (see [25]) it can be shown [30] that the exponential growth rate of G(Vor(x)) as T — +oo is the
sum of the positive Lyapunov exponents of the trajectory starting from x at time ¢ = 0. In a chaotic region, thanks

to , we have

1
lim —InG(Ver(x)) = A1. (43)
T—oo T

As a consequence, the limit in can be seen as a space average on S of the sum of the positive Lyapunov exponents
of trajectories that remain in S.

Numerically, the expansion entropy is computed as follows. First, we randomly generate a uniform distribution of
N points {x1,X2,--- ,xn} in S = Qy, then we compute

. 1 &

Er(er) = N Z G(Veor(xi)) (44)
i=1

which is an estimate of Er(¢r,Qy) given by . Then, we compute the approximate expansion entropy

. 1 .
H() = T In ET(‘PT) (45)

which is an approximation of Hy(€2s) for large N and T. In practice, we choose a number ¢ of different batches of N
points and we take the average of the approximate expansion entropy computed with each batch. We use the Julia
package ChaosTools.jl with the function expansionentropy which computes Hy from ¢ batches.

In FIG. the computed expansion entropy Hy is depicted with respect to the parameter a. We chose N = 1000
points uniformly distributed in €2y and ¢ = 10 batches. We see that the expansion entropy is always positive and
higher for values of « less than 0.5. A peak with a maximum of H, appears around o = 0.14. The chaotic behavior
of the system is therefore more pronounced around this value of a. We also point out that for some initial conditions,

the Lyapunov exponents behave like the expansion entropy. For instance, this is the case for the initial condition
xo = (—0.25,0.3,0) as can be seen with the green dotted curve in FIG]L0]

C. Chaotic mixing analysis

The Poincaré sections, Lyapunov exponents and expansion entropies studied in the previous sections show that the
dynamics of many fluid points is chaotic. The system is therefore expected to mix efficiently. To study the efficiency
of mixing in a practical manner, we have computed contamination rates, homogeneities and mixing times. These
quantities are widely used in chemical engineering or biology, and are presented in the following lines.

First, we simulate the dispersion of clouds of NV, = 5000 particles initially located within a small cube (width 155)
near the center of the cube, by solving Eq. . The final time of the simulation of the cloud of particles is taken to

be of a few convective times
te = — (46)

where U ~ 0.1 is an order of magnitude of the fluid velocity v in the MHD computations. This corresponds to t. = 10
non-dimensional units (as a reminder, a = 1 in our case study). Note that, as explained in the previous section, the
contribution of each magnet has been parameterized by means of the parameter o (Eq. ): a = 1 corresponds to
stirring by the side magnet alone (magnet #1, blue colors in the following figures), whereas a = 0 corresponds to the
central magnet alone (magnet #2, red).
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FIG. 11. Expansion entropy of the entire flow versus a.

FIG.[12] shows theses clouds at ¢t = 250¢,, for various values of a. We observe that the shape of the cloud highly
depends on « when « approaches 0 or 1, and mixing appears very poor there. Differences between transport by the
approximately poloidal flow (vs alone, @ = 0) and the toroidal flow (v; alone, a = 1) are clearly visible. The poloidal
flow alone highly deforms the cloud of particles within a quasi-planar domain. In contrast, the sole toroidal flow has
little effect on the initial spot of particles, which rotates near the box center without being stretched.

In a second time, we divide the flow domain into N, = 125,000 (= 50%) cubic sub-domains (”cells”), then simulate
the dispersion of a much bigger cloud of IV, = 1,000,000 particles initially located, as above, within one of these
cells near the center of the cube. We then derive two quantities of great interest for practical applications: the
contamination rate C'(t) and the final homogeneity H.,. The former is the proportion of cells which were visited by at
least one particle during the time interval [0,¢]. The latter is based on the final particle density n;, that is the number
of particles in cell I € [1, N.] at the final time of the simulation (see [3I] for example). At that time, we calculate the

FIG. 12. Clouds of 5000 particles after 250 convective times, for various values of . Particles were initially released in a
cube with side 1/100 located at the center of the domain. The poloidal flow va (o = 0) stretches the cloud but keeps it in a
quasi-planar domain. The toroidal flow alone vi (« = 1) has very little effect on the tiny initial cloud.
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FIG. 13. Upper graph, left: contamination rate C'(t) versus time for various values of a from 0 (blue) to 1 (red). Upper graph,
right: final values of C, at t = 500 = 50t.. Lower graph: time of mixing (defined by C(tmiz) = 80%) versus «.

standard deviation o of n;, then the final homogeneity of the distribution defined as

g

Hy=1- (47)

Umax
where 0,4, i the maximum value of the standard deviation, corresponding to the case where all particles gather in
a single cell: 0,00 = Npyv/Ne —1/N, ~ N,/+/N.. Note that some authors choose slightly different definitions (e.g.

Hy =1—(0/0max)?) [32] [33]. In any case, poor mixing corresponds to H,, = 0, whereas efficient mixing corresponds
to Hoo ~ 1.

FIG.[12] suggests that there is a wide range of a’s where mixing seems efficient. This is confirmed in FIG.[I3] as
the contamination rate remains small for the extremal values of « (single magnet), whereas C(t) increases quickly for
intermediate values of a (two magnets). FIG.[13|shows the growth of contamination rates C(t) for various a’s (upper
left graph), as well as the final contamination rate C (upper right graph). For « in the range [0.1,0.7], mixing is
efficient with a contamination rate Cy, > 80%. It is slightly more efficient when 0.4 < a < 0.65; for these values, the
largest final contamination rate Co, > 90% is reached.

The time of mixing is also an important parameter to quantify the quality of the device, and is sensitive to the
parameter . It is defined here as the time t,,;, such that C(tnix) = 0.8 (i.e. 80% of the cells have been visited at
least once). It is plotted on the lower graph of FIG. which shows that mixing is faster for 0.1 < o < 0.6 with
a mixing time tyix < 300 (i.e < 30t.). The minimal ¢,,;x value is reached for a = 0.14, which corresponds to the
maximum of the expansion entropy Hy plotted in FIG.[I1]

The spatial quality of final mixing is quantified by means of the homogeneity coefficient H., defined above. We
observe that mixing is excellent for a between 0.02 and 0.4 (FIG. left) with H., values close to 1, and is a bit
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FIG. 14. Left: Final homogeneity Ho versus a, right: product of final contamination and homogeneity (Cos X Hoo) versus a.

poorer when 0.5 < a < 0.9, though it remains close to 80 % there. And for a > 0.95, it is clearly insufficient with
H, values under 50%.

Finally, by plotting the product of our two quantity, final contamination rate and homogeneity Coo x Hoo as a
function of «, we can determine a range of good compromise in terms of contamination rate, homogeneity and time
of mixing. According to FIG. (right), mixing is particularly efficient for o € [0.08,0.5]. These values correspond
perfectly with the range where the expansion entropy plotted in FIG[T]is the highest, which confirms our results.

V. CONCLUDING REMARKS

The steady MHD device presented in this work has been shown to mix efficiently. It generates velocity fields which
effectively produce a three-dimensional Stokes flow structure corresponding to a single recirculation cell superposed to
an orthogonal double cell. Both elementary flows are created by means of magnets placed in an appropriate manner:
the first magnet is located in an asymetric manner and pushes the flow along the side of the tank, thus creating a large
recirculation cell. The second magnet is placed along a mid-plane of the tank, and creates a double recirculation cell.
Due to the linearity of the Stokes equation, the flow resulting from the action of both magnets is a linear combination
of these elementary flows.

A weak vorticity — streamfunction formulation, based on the mixed finite element method, has been developed
and implemented to calculate these velocity fields. Then, by computing Poincaré sections, Lyapunov exponents and
expansion entropies, it was shown that most combinations of these two velocity fields produce fluid points that are
indeed chaotic. We also observed that, for a wide range of «, mixing appears to be particularly efficient in terms of
contamination and homogeneity rates. Following this theoretical study, the authors recommend using a value of «
between 0.1 and 0.5 for best efficiency.

Lyapunov exponents, as well as expansion entropies, suggest that the structure of the flow is different according
to whether the first magnet or the second magnet dominate (i.e. « is nearest to 1 or 0). A detailed analysis of the
model flow of Toussaint et al. [12] shows that a Shilnikov chaos might be at work there, but the stagnation points
involved in this Shilnikov chaos are different whether « is nearest to 1 or 0 [34] [35]. Clearly, this model flow differs
from ours in that it has periodic boundary conditions and an explicit solution. However, not too close to the walls,
the structure of the MHD flow shares some common features with the flow of [I2]. This point will be analyzed in the
near future.

The results obtained in the present analysis are based exclusively on simulations. A demonstrator will be set up
soon, and an experimental bench will be created. This device will be designed with the help of the present study, and
measurements will be performed to validate experimentally our numerical results.
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Appendix: Implementation of numerical fields computation

In this part, we describe the main steps involved in the numerical resolution of the systems described in section [[TI]
The first step consists in generating the meshing of the geometry. For this purpose, the free and open-source software
Gmsh is used [36]. The mesh size in the whole domain is controlled by the number n. of elements on the edges of
the cubic tank. We therefore impose a structured mesh in 2y; and outside, the characteristic length of the elements
is then gradually scaled up as the distance from the tank increases, until the boundary I'y, is reached. The mesh of
the domain with the chosen control parameter value (n. = 15) is displayed on FIG. and some characteristics are
provided in TABLE[]

TABLE I. Some statistics of the chosen mesh

Domain H Nodes ‘ Triangles ‘ Tetrahedra

Q 18,350 6,866 | 107,674
Q; | 3423| 3,256 15,964

Afterwards, the formulations detailed in the previous section were then implemented in C++ language, using the
free and open-source GmshFEM library [37, [38]. Thanks to this library, it is relatively easy to define the approx-
imate subspaces based on our mesh of the global needed function spaces Ho(grad, ?), H(grad, Q), Ho(grad, Qy),
H(curl, Q;), and Hy(curl, Q). These finite dimensional function spaces are respectively called W (), W°(Q),
W(Qy), WH(Qy) and W((Qy), and are defined thanks to hierarchical basis functions. The three first spaces are
generated using 0-form nodal basis functions which are the classical nodal basis functions of Lagrange elements, their
order are noted p,,. The two other spaces W' () and W;(Q) are generated by 1-form edge basis functions of order
pe built with the same functions as the previous ones, see [14], [15], [39] for details.

The numerical implementation and runs were performed on a dedicated workstation with 48 threads @3.5 GHz and
192 GiB of RAM. For the best possible accuracy of results, we choose to use high order elements with an interpolation
order of p,, = 4 for the nodal basis functions of W{(Q), W°(Q) and W{(Q;), and p, = 3 for the edge basis functions
of W!(Qy) and W§(Qy). These values combined with a mesh parameterized with the chosen value of n, allow us to
make the best use of all our computing resources. The synthesis of the systems we solve (using the MUMPS direct
solver [40]) is given by (A1), and some details upon the numerical runs are reported in TABLE[]

TABLE II. Details of the numerical resolution (n. = 15, p, = 4, pe = 3)

System H (Ehm,i) ‘(ng)z) (fo)z)
DOFs 1,207,089 (527,823 (1,198,914

Assembling time|| 2.47 sec |1.92 sec| 4.12 sec

Solving time 208 sec | 92 sec | 3050 sec

The very low value of assembling time highlights the efficiency of the chosen solver. Moreover, even if the compu-
tation time of the last system (fo)l) seems high compared to the others (due to a non-symmetry of the stiffness

matrix), the duration of the whole resolution remains largely acceptable for such a quite big problem.
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Find ¢pn; € WH(Q) such that:
(2 ) / grad (bhi . grad ghi dx — / m; - grad §hi dx
hm,i Q. Qo

i

+/ J " grad ¢p; - J7" grad &, |det Jx| dX =0, V& € WO(Q)

Qoo

| #ni

Find (wp;, AR:) € Wo(€2r) x WO(€2y) such that:

/ curlw?; - curl pp; dx +/ grad )Y, - @ns: dx

(E<1) ) Q2 Qy
RE +/ (jo x grad ¢p;) - curlr; dx =0, Vens € W(l)(ﬂf)
Qj
0 0
whi - grad pp; dx =0, Yup € Wo(Qy)

/Qf " " (A1)

lwhi

Find (ws, Ani, Whi, nri) € WHQp) x WO(Q) x WE(Qy) x WO(Qy) such that:
/ Whi * Phs dx — / curl ¥p; - curl pp; dx + / grad np; - Phi dx =
2y Q5 Sy
—/ whi *Phi dx , Yen: € WH(Qy)
(=7.) o
hfi / curlwi; - curl €s dx + / grad Ny, €ni dx =0, Véni € WA(Q))
$2y 2y

Yni-grad xp; dx =0, Vyn € Wg(Qf)
Sip

/ (whi +whs) -grad pp; dx =0, Yun € WO(Qy)
S
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